The inertial (due to rotation) and the gravitational fields of the Earth affect the motion of an elementary particle and its spin dynamics. This influence is not negligible and should be taken into account in high-energy physics experiments. Earth's influence is manifest in perturbations in the particle motion, in an additional precession of the spin, and in a change of the constitutive tensor of the Maxwell electrodynamics. Bigger corrections are oscillatory and their contributions average to zero. Other corrections due to the inhomogeneity of the inertial field are not oscillatory but they are very small and may be important only for the storage ring electric dipole moment experiments. Earth's gravity causes the Newton-like force, the reaction force provided by a focusing system, and additional torques acting on the spin. However, there are no observable indications of the electromagnetic effects due to Earth's gravity.
I. INTRODUCTION
The high precision of modern experiments makes it necessary to take into account the physical effects due to the Earth's rotation and gravity. The high-energy experiments are performed in a non-Minkowskian spacetime. The off-diagonal components of the metric, g 0a = −(ω × r) a /c, depend on the angular velocity of the Earth's rotation ω = 7.27 × 10 −5 rad/s, with the average radius vector to a given point on the surface of the Earth R ⊕ = 6378 km. These metric components are of order of 10 −6 and thus the influence of the Earth's rotation cannot be a priori neglected. We also have to take into account the spin precession in the rotating frame and the change of the constitutive tensor of the Maxwell electrodynamics due to the non-Minkowskian spacetime metric. The latter effect is very small, however, the spin motion in the inertial and gravitational fields of the Earth and the influence of the Coriolis, centrifugal, and Newtonlike forces on particle's dynamics should be carefully analyzed.
New results obtained in the present work relate to quantum mechanics of a Dirac particle in inertial and electromagnetic fields. We use also the classical approach * obukhov@ibrae.ac.ru † alsilenko@mail.ru ‡ teryaev@theor.jinr.ru and pay great attention to a description of spin effects.
We perform an analysis of importance of the rotation and gravity of the Earth for contemporary high-energyphysics experiments.
We study the manifestations of the Earth's rotation and gravity in the framework of the relativistic Dirac theory. We demonstrate that, as expected, Earth's rotation gives rise to the Coriolis and centrifugal forces in the laboratory frame. It is also manifested in the additional precession of the spin, as well as in the change of the constitutive tensor of the Maxwell electrodynamics. The latter is encoded in the Riemannian spacetime metric that replaces the flat Minkowski metric. We show that the change of the constitutive tensor of the Maxwell electrodynamics due to the Earth's gravity does not strongly affect particle's dynamics. We analyze the corresponding effects in details. A well-known manifestation of the Earth's rotation is the Sagnac effect [1] . The electric and magnetic fields acting on the spin in the rotating frame of the Earth coincide with the corresponding fields observed in the inertial (Minkowski) frame comoving an observer carrying the appropriate Schwinger tetrad. The effective electric and magnetic fields defining momentum dynamics and spin motion differ. However, one can see that the larger part of the difference between usual forces and torques in a Minkowski spacetime and the actual forces and torques in Earth's rotating frame vanishes on the average in accelerators and storage rings due to the beam rotation.
Our basic notations and conventions are consistent with the earlier papers [2] [3] [4] [5] [6] . In particular, the world coordinate indices in four dimensions are labeled by the Latin letters i, j, k · · · = 0, 1, 2, 3, whereas we reserve the Greek letters µ, ν, · · · = 0, 1, 2, 3, for the tetrad indices. The Latin letters from the beginning of the alphabet a, b, c, · · · = 1, 2, 3 denote 3-space world indices. For separate components, we put the hat over anholonomic indices to distinguish them from the holonomic ones. We work with the metric signature (+, −, −, −), and the totally antisymmetric Levi-Civita tensor η ijkl has the only nontrivial component η 0123 = − det g ij . We use the system of units with = 1, c = 1, although these constants are explicitly displayed in some formulas.
II. ELECTROMAGNETIC INTERACTIONS OF A DIRAC PARTICLE IN A ROTATING FRAME
While the classical electrodynamics in curved spacetimes is well understood (see, e.g., Ref. [7] ), the quantum mechanics of a Dirac particle in curved spacetime is still a developing subject, see e.g. [8] [9] [10] [11] [12] . The relativistic quantum-mechanical framework provides the most appropriate description of the dynamics of a spin-1 2 particle on an arbitrary spacetime manifold. The perfect agreement of the relativistic quantum mechanics and the classical theory of a spinning particle in arbitrary gravitational and inertial fields has been demonstrated in Ref. [4] .
The covariant Dirac equation reads as follows (see Ref. [3] and references therein)
where D α is the spinor covariant derivative:
This covariant derivative describes the minimal coupling of a fermion particle with the external classical fields. The list of the latter includes the electromagnetic 4-potential A i (interacting with the electric charge q of a fermion), and the gravitational field potentials (e α i , Γ i αβ ). The coframe (or tetrad) e α i introduces a local Lorentz reference system and is related to the spacetime metric via g ij = e α i e β j g αβ , with the Minkowski metric g αβ = diag(c 2 , −1, −1, −1). The Lorentz connection Γ i αβ = −Γ i βα determines parallel transport;
α are the generators of the local Lorentz transformations of the spinor field. The flat Dirac matrices γ α are defined in the local Lorentz frames and they have the standard Bjorken-Drell form. Equation (1) describes a Dirac fermion particle minimally coupled to the gravitational (inertial) and the electromagnetic fields.
In Ref. [3] , we have derived an exact Hermitian Hamiltonian in the Dirac representation corresponding to Eq. (1). In order to give a more detailed description of electromagnetic interactions of a Dirac particle, we should take into account the possible anomalous dipole moments of the particle. Accordingly, we turn to the nonminimal coupling generalization [5, 13] of the Dirac equation, introducing the anomalous magnetic moment (AMM) µ ′ and the electric dipole moment (EDM) δ ′ :
The tetrad indices of the Dirac matrices reflect the definition of the three-component physical spin (pseudo)vector in the local Lorentz rest frame of a particle. In the limit of the Minkowski spacetime, Eq. (3) coincides with the Dirac-Pauli equation for a particle with the AMM and EDM (see Ref. [14] 
is the electromagnetic field strength tensor and its dual is
The metric of a general spacetime reads
where a, b, c, · · · = 1, 2, 3, and V, K a , Wâ b are arbitrary functions of time t and space x a . For the rotating reference system, V = 1, Wâ c = δâ c , and K = −ω × r/c. Choosing the Schwinger gauge for the tetrad (see Refs. [2, 3, 15] and references therein),
we find explicitly for the anholonomic components of the Maxwell tensor F αβ , E = {F 1 0 , F 2 0 , F 3 0 } and B = {F 2 3 , F 3 1 , F 1 2 }:
The holonomic components
They have the standard form:
with A 0 = −Φ, and A = {A 1 , A 2 , A 3 }. The quantities E and B are the effective fields in the rotating frame. The anholonomic components of the dual tensor are F * a 0 = B a /c and F * a b = ǫ a b c E c /c. The tensors F αβ , F * αβ and the effective fields E, B are defined with respect to the local Lorentz Schwinger frame (5) .
The Dirac Hamiltonian found in Ref. [4] does not contain additional terms characterizing the AMM and EDM. In the case under consideration, the inclusion of these dipole terms leads to the generalized Dirac Hamiltonian:
where we defined two objects with the dimension of the energy by
and π = −i ∇ − qA is the kinetic momentum operator.
Now we perform the unitary transformation from the Dirac picture to the Foldy-Wouthuysen (FW) representation [16] using the method developed in Refs. [17, 18] . The FW picture holds a special place in the relativistic quantum mechanics due to some unique properties. In this representation, the quantum mechanical operators for relativistic particles in an external field have the same form as in the nonrelativistic quantum theory. In particular, the position operator [19] and momentum operator are r and p = −i ∇, respectively, and the polarization operator for spin-1/2 particles is described by the Dirac matrix Π = βΣ. In other representations, these operators are expressed by much more complicate formulas (see Refs. [16, 20] ). The relations between the operators in the FW representation are analogous to the relations between the corresponding classical quantities, and the simple form of the operators corresponding to the classical observables is a great advantage of this representation. The above-mentioned properties of the FW representation make it useful for the description of a transition to the semiclassical approximation and to the classical limit of the relativistic quantum mechanics [16, 21] . It is worthwhile to note that the Hamiltonian and all other operators are diagonal in 2-spinors (block-diagonal) in this representation.
In the FW representation, the transition to the classical limit is usually accomplished by replacing the operators in expressions for the Hamiltonian and in operator equations of motion with the corresponding classical quantities. The possibility of such a replacement, explicitly or implicitly used in practically all works devoted to the relativistic FW transformation, was recently rigorously proven in Ref. [22] . This essentially simplifies the interpretation of the basic quantum mechanical equations, especially in the relativistic case.
We can recast the Hamiltonian (8) into the form
where E and O are even and odd operators (diagonal and off-diagonal in 2-spinors), respectively. The resulting transformed Hamiltonian in the FW representation is exact for terms proportional to the zeroth and first powers of the Planck constant and also for terms proportional to 2 and describing contact interactions. It is given by [17, 18, 23 ]
The square brackets [ , ] and the curly brackets { , } denote the commutators and anti-commutators, respectively. In the case under consideration, it is convenient to present the FW Hamiltonian in the form [5] 
where ǫ ′ = m 2 c 4 + π 2 c 2 and
The operator H F W contains the terms, proportional to the AMM and EDM. In the last term of Eq. (14) , the nabla operator acts on P and defines the derivatives of this quantity.
It is important that Eqs. (12)- (14) are exact in the above-mentioned sense that the terms proportional to the zeroth, first, and second powers of are exact. Notice that µ ′ , δ ′ , P, and M are proportional to .
In the special case of a nonrelativistic Dirac particle without the AMM and EDM, the Hamiltonian (14) has been obtained in Refs. [8] [9] [10] . It is compatible with the Hamiltonian for a relativistic Dirac particle with the AMM and EDM which has been derived in Refs. [14, 17] in the framework of quantum electrodynamics. The Hamiltonian for a relativistic spin-1 particle with the AMM and EDM in electromagnetic fields derived in Ref. [24] has a similar form.
If we neglect an influence of the spin on the particle motion, the world velocity operator is given by [25] 
The classical limit is derived by a replacement of the operators with the corresponding classical quantities [22] .
III. DYNAMICS OF A RELATIVISTIC PARTICLE IN EXTERNAL FIELDS
The discussion of the (classical and quantum) dynamics of a particle with spin under the action of the external electromagnetic, inertial and gravitational fields has a long (see, for example, [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] ) and quite contradictory (different authors often arrived at incompatible conclusions) history. In order to clarify the issue and to analyse the possible effects of the external fields in the high energy physics, we present here a consistent framework for the investigation of particle's dynamics in the physical conditions on the Earth.
Let us summarize what we know about these physical conditions: the Earth is rotating with the angular velocity (taking the duration of a sidereal day T ⊕ = 23 hours 56 minutes 4.1 seconds = 86164.1 s)
and the Earth is heavy, with the mass M ⊕ = 5.97 × 10 24 kg. Despite such a mass, on the surface of Earth, that has an average radius R ⊕ = 6.378 × 10 6 m, the gravitational field is quite weak: the corresponding value of gravitational potential is
Here G is Newton's gravitational constant and c is the speed of light. Note the difference between the sidereal day and the solar one (T = 24 hours).
We now need to choose the appropriate spacetime geometry, which correctly describes the terrestrial inertia and gravity, in order to study the relativistic particle dynamics on the Earth. Taking into account the weakness of the gravitational created by a rotating source, we choose the parameters of the spacetime metric (4) as Wâ c = W δâ c , and
Here M = M ⊕ , and
On the right-hand side, the first term accounts for the rotation of the Earth: ω = (0, 0, ω ⊕ ), when we (conventionally) choose the rotation axis along the third coordinate.
The second term in (21) is determined by the total angular momentum J = (0, 0, J ⊕ ) of the source. In Einstein's general relativity, the metric (4) with (18)- (21) describes the Lense-Thirring geometry of a weak gravitational field created by a massive rotating compact object. Let us compare the two terms in (21) for the terrestrial conditions. We estimate the angular momentum of the
s , which is consistent with the value that is usually found in the literature [36] . As a result, in a terrestrial laboratory, we have
As we see, the second term in (21) is nine orders smaller than the first one, cf. Eqs. (16) and (22) . This explains why do we need the constant ω in Eq. (21): the LenseThirring (second term) contribution cannot describe the correct value of the inertial (Coriolis and centrifugal) forces in Earth's labs, as it was noticed already in [27] , for example.
With an account of such a huge domination of the first term over the second one, for all practical purposes it is sufficient to put ω = ω, which from now on we assume in our subsequent computations. Accordingly, the Lense-Thirring geometry is actually reduced to the Schwarzschild metric in rotating coordinates. More precisely, Eqs. (18)- (20) describe the weak field approximation of the isotropic form of the Schwarzschild metric, with an account for the rotation of the terrestrial laboratory system.
After these preliminaries, we are in a position to study the particle dynamics. The motion of a relativistic test particle with mass m and charge e in the gravitational and electromagnetic fields is described by the generally covariant equation
The trajectory of a test particle x i (τ ) is parametrized by the proper time τ , and the 4-velocity vector
For the metric of the Earth, (4) and (18)- (20), we find the connection
These formulas are derived, as it was assumed from the very beginning, in the weak field approximation, where we consistently neglect the corrections proportional to (17) . Here Newton's acceleration vector is as usual
Substituting (24)- (27), and recalling the definition of the electric and magnetic fields (7), the equations of motion (23) read, in components: (29) in (30), we finally derive, after going from the proper time to the coordinate one with
In the non-relativistic limit (for slow moving particle, with v 2 c 2 ≪ 1), we obviously obtain the correct structure of the total force as a sum of Newton's gravitational force g, the inertial centrifugal and Coriolis forces −ω×(ω×r)−2ω×v, and the Lorentz force e m (E+v×B). The above discussion concerns spinless particles. In order to include the spin effects, we need to consider the dynamics with respect to the anholonomic local Lorentz frame. For the metric (4) and (18)- (20), we choose the Schwinger tetrad
The anholonomic components of the 4-velocity
and hence for the 3-velocity we find
The anholonomic components of the Maxwell tensor F αβ = e i α e j β F ij are related to the holonomic components:
For the Earth, in view of (17) the gravitational corrections are extremely small, hence with very good accuracy we have V = W = 1. Then (32) and (35) reduce to (5) and (6), respectively, thus recovering the rotating frame case with the inertial effects only. The relation (34) between the anholonomic and holonomic 3-velocity is then
The equations of motion in the Lorentz frame look formally similar to (23) :
However now we have to use the Minkowski metric
here, and the components of the local Lorentz connection read
These expressions are also approximate, because for the Earth we have (17) , so that we put V = 1 and W = 1 in the final formulas. As a result, we obtain the equations of motion (36) in components
Here we denoted γ = u 0 . From the normalization of the 4-velocity we can identify this with the Lorentz factor: γ = 1/ 1 − v 2 /c 2 . Using (40) in (41), and switching from the proper time to the coordinate time:
It is important to notice that the equations of motion (29)- (31) and (40)- (42) are completely equivalent. They describe the dynamics of the relativistic charged particle in the electromagnetic and gravitational fields with respect to the different reference frames. But provided we use the relations between the velocities v = v + ω × r and the electric and magnetic fields (6), it is straightforward to explicitly recast (29)- (31) into (40)- (42) or the other way round. It is worthwhile to mention that
There exists yet another description of the test particles: the Hamiltonian approach. The general Hamiltonian function for an arbitrary spacetime geometry was obtained in [4] . For the metric of the Earth, (4) and (18)- (20)
The first equation yields a relation between the momentum and velocity:
Remarkably, it turns out that the momentum is directed along the anholonomic velocity (34), and not along the coordinate velocity. The second Hamilton equation (44) defines the force F = dp/dt and describes the dynamics of the momentum:
Using (45) in (46), we recover the equation of motion (41) . This proves the equivalence of the Hamiltonian approach with both the holonomic and anholonomic descriptions of particle's dynamics. The importance of the Hamiltonian picture is based on the fact that the analysis of the quantum dynamics of the Dirac fermion, which we discussed in Sec. II, leads to the Foldy-Wouthuysen quantum Hamiltonian (its spinfree part) which in the semiclassical limit coincides with the classical Hamiltonian (43) . Therefore, the study of the quantum dynamics of the spin 1 2 in external classical fields for the Earth yields exactly the same results by replacing the quantum operators with the corresponding classical variables.
IV. SPIN DYNAMICS IN EXTERNAL FIELDS
Motion of a charged test particle with spin and dipole moments in the gravitational and electromagnetic fields
The spin is affected by an additional force proportional to the generalized polarization tensor
The anomalous magnetic moment can be written as
where g is the gyromagnetic factor and µ B is Bohr's magneton. 
The dimensionless constant parameters a = (g −2)/2 and b characterize the magnitude of the anomalous magnetic and electric dipole moments, respectively. In components, the generalized polarization tensor (48) reads
where P and M are defined in (9) . Note that the complete set of equations of motion (36) and (47) are written with respect to the anholonomic frame.
Let us now specialize to the physical conditions of the Earth. The gravitational and inertial effects are taken into account in the Lorentz connection coefficients (37)- (39) . The resulting system (36) and (47) then reads, in components:
Here, as before, u α = {γ, γ v}, and we have for the spin components S α = {S 0 , S}. The first two equations (52) and (53) are equivalent to the equations of motion (40) and (41), where we introduced the effective objects which compactly combine the electromagnetic, inertial and gravitational fields acting on the test particle:
The effects of the magnetic and electric dipole moments are encoded in another effective object
The physical components of spin are not S α , but the "internal angular momentum" which is determined with respect to the rest frame of a particle. We denote this physical spin by s α . The transition to the rest frame is realized with the help of the Lorentz transformation
One can check that this transformation yields
• u α = {1, 0}, i.e., the particle is indeed at rest.
The components of the physical spin s α are then obtained from S α = Λ α β s β . It is straightforward to see that s α = {0, s}, and dynamics of the physical spin is described by the equation
From Eqs. (52)- (55) with the help of a direct (but rather lengthy) computation we find the precession velocity
The first term encompasses all possible (electromagnetic, inertial and gravitational) effects on particle's spin, and the second term accounts for the magnetic and electric dipole effects. Substituting (56) , (57) and (58), we obtain explicitly
Alternatively, one can use slightly different formulas by replacing µ ′ and δ ′ with the help of the definitions (50 
It is worthwhile to recall that v , E, and B are all defined with respect to the anholonomic Lorentz frame. They are related to the fields and velocity in the coordinate frame by means of (34) and (35) . For the Earth, with very good accuracy one can put V = W = 1.
The spin dynamics (62), (63) is consistent in the classical and quantum pictures. For the quantum fermion particle, the Foldy-Wouthuysen Hamiltonian yields the same spin precession angular velocity when the quantum operators are replaced with the classical observables in the semi-classical limit.
V. MANIFESTATIONS OF EARTH'S ROTATION
When particles move in accelerators and storage rings, it is more convenient to describe their motion relative detectors. In this case, one should subtract the angular velocity of the particle revolution from the Ω given by Eq. (62) and should use the cylindrical or Frenet-Serret coordinate systems. The description of the spin motion in the two coordinate systems differ (see Refs. [37, 38] and references therein).
When the Frenet-Serret coordinates are used, we need to find the angular velocity of rotation of the unit vector
By construction, we have ( N · N ) = 1. This unit vector determines the direction of the motion. Making use of (42), a direct computation yields
where the rotation of the direction is determined by
The dynamics of spin in the Frenet-Serret coordinates is determined by the angular velocity
Making use of (50), we have, equivalently,
Equations (62), (67), and (68) are compatible with corresponding equations in classical electrodynamics (see Refs.
[ [39] [40] [41] and references therein).
It is worthwhile to note that Eqs. (67), (68) can be compactly re-written in terms of the effective objects:
Quite remarkably, the explicit contribution of the Earth's rotation − ω disappeared from Ω F S . Nevertheless, the effects of rotation are still present implicitly in the expressions v = v +ω ×r and in E = E −(ω ×r)×B (however, notice that B = B).
One can easily understand why the angular velocity of the spin motion relative to the beam trajectory, Ω F S , is not equal to Ω − O, where O is defined by
Let us consider the frozen spin ring [42] [43] [44] in the Minkowski frame. In this ring, the angle between the spin and the tangent line to the particle trajectory is constant. Therefore, Ω F S = 0. We can now proceed to the frame which rotates about the vertical axis passing through the center of the ring. In this frame, the angle between the spin and the tangent line to the particle trajectory remains constant.
The velocity and spin evolution in the rotating frame is defined by
Equations (71) show that the use of the definition Ω F S = Ω − O yields the correct value Ω F S = 0, while the quantity Ω − O is equal to ω and is not applicable to the description of the spin motion relative to the beam trajectory. We note the inaccuracy in Ref. [25] .
The rotation of the Earth manifested in some experiments with particles and beams [45] [46] [47] [48] . For the first time, the manifestation of Earth's rotation in such experiments has been discovered by Werner, Staudenmann, and Colella [45] by means of the neutron interferometry. In neutron interference experiments, the period of particle revolution on a closed path depends on a rotation direction (clockwise or counterclockwise) due to the Sagnac effect [1] (see also Ref. [49] ). This effect is caused by the rotation of the lab relative to the "immobile" far stars. The theory of the Sagnac effect is presented in details in Refs. [49] [50] [51] . While the world velocity of the particle depends on the Earth's rotation, the measurable velocity cannot exceed c (see explanations given in Refs. [52] [53] [54] ). Some problems connected with the Sagnac effect have also considered in Refs. [55, 56] . The review of experiments performed is given in Ref. [57] .
One can usually neglect the effects of rotation in storage ring experiments. In particular, they are negligible in all g-2 experiments. These effects can be of minor importance in storage-ring EDM experiments based on the frozen spin method. However, the contribution of the Earth rotation is very important in EDM experiments with atoms at rest [58] and in some other experiments with atoms [59] [60] [61] [62] [63] . The contribution of the Earth rotation was taken into account to obtain the restrictions on the hypothetical interactions. In particular, the analysis of the experimental data [59] [60] [61] [62] [63] produced the new bounds on the spacetime torsion [5] . It is important that Cartan's torsion of spacetime couples only to particle's spin but not to the orbital angular momentum of a test particle [64] . If the spacetime torsion is nonzero, the angular velocity of the atom spin precession in the Earth's rotating frame is different from −ω.
As a rule, the vectors Ω and ω are not collinear. When the vector Ω is vertically directed (this always takes place in storage rings), only the vertical component of the angular velocity of the Earth rotation and the radial component of the Coriolis acceleration are important. The contribution of the Earth rotation to the angular frequency of the spin precession is equal to ω sin ϕ, where ϕ is the geographic latitude. For atoms at rest, the horizontal component of ω can imitate the presence of the EDM. For particles and nuclei in storage rings, this component may be disregarded because the radial and longitudinal projections of the angular velocity of the Earth rotation, ω r and ω φ , are zero on the average.
VI. MANIFESTATIONS OF EARTH'S GRAVITY
Manifestations of the Earth gravity in storage rings and accelerators have been analyzed in Ref. [25] . However, this analysis does not take into account an influence of gravity on electromagnetic interactions. It has been shown in Sec. II that a non-Minkowskian metric can significantly change these interactions. To evaluate the influence of gravity on electromagnetic interactions, we can use the result obtained in Ref. [3] . In the squared Dirac equation, spin effects in electromagnetic interactions are defined by spin-electromagnetic field coupling of the form σ αβ F αβ , where F αβ = e i α e j β F ij is the electromagnetic field tensor convoluted with a tetrad and the spin operator σ
from the usual Dirac matrices [3] of the flat Minkowski space. In the non-inertial reference frame in the presence of the gravitational field, F αβ differs from Maxwell's electromagnetic field tensor F ij . The difference is encoded in the tetrad fields. The inertial and gravitational fields affect the electromagnetic fields as a continuous medium with nontrivial polarizability and magnetizability properties. The Maxwell equations have the usual form
where nabla ∇ = {∂ a }, the dot denotes the time derivative,˙= ∂/∂t, and J, ρ are the current and charge densities of the sources. The inertial and gravitational influence is encoded in the constitutive relations between the electric and magnetic fields E, B and the electric and magnetic excitations D, H. For the metric of the Earth (4), with (18) and (19), the constitutive relations read explicitly:
Here ε 0 and µ 0 are the electric and magnetic constants of vacuum (not to confuse the latter with the magnetic dipole moment!). One can analyze independently the rotational and gravitational contributions to the dynamics of particle's momentum and spin. The gravitational corrections to Maxwell's electrodynamics are extremely small, see (17) , and with a good accuracy we can put V = W = 1 for the Earth.
The effects of rotation were discussed in the previous section, and now we specialize to the purely gravitational effects. For the Schwarzschild metric in the isotropic coordinates, Eq. (4) takes the form (18) and (19) . In this case, (34) and (35) reduce to
The contribution of electromagnetic interactions to the particle motion is defined by
It is easy to see that in the case under consideration N = N and O = O. It can be checked that
The particle motion is defined by Eq. (66) . We underline that the vectorv × g is directed radially.
For particles in accelerators and storage rings, the Newton-like gravitational force (a relativistic generalization of Newton's force) in the weak-field approximation is given by [25, 65] 
The gravitational force causes a vertical shift of the particle orbit and is counterbalanced by a force created by the focusing system. When the magnetic focusing is used, the latter force is the Lorentz one. Since F m = −F g , the average radial magnetic field reads
This field determines the spin rotation with the average angular velocity [25] 
When the electric focusing is used, the gravitational force (79) gives rise to the vertical electric field
The corresponding average angular velocity of the spin rotation is given by
The total effect of the Earth gravity on the spin motion reads
Thus, the total contribution of the Earth gravity is equal to
and
when one uses the magnetic and the electric focusing, respectively. One should add Ω e or Ω m to the electromagnetic part of Eqs. (62), (67)- (69) or should substitute Ω ′ g for Ω g into this equation. The additional torques governing the spin are caused by the corresponding focusing field and by the geodetic effect (the spin precession in a gravitational field). These torques leads to the spin rotation about the radial axis [65] which angular velocity is given by Eqs. (84) and (85).
It is instructive to mention that the change of the constitutive tensor of Maxwellian electrodynamics due to the Earth rotation is ωc/g ≈ 2200 times greater than the corresponding change due to the Earth gravity.
VII. CORRECTIONS FOR THE ROTATION AND GRAVITY OF THE EARTH IN HIGH-ENERGY PHYSICS EXPERIMENTS
Let us consider effects of the rotation and gravity of the Earth in high-energy physics experiments. Evidently, the resulting equations of motion differ from corresponding equations in Minkowski frames. To determine effects of the rotation and the gravity, we need to specify measured quantities.
As a rule, the magnetic field in high-precision experiments is measured with magnetometers based on the spin precession of nuclei at rest (see, e.g., Refs. [58] [59] [60] [61] [62] [63] 66] ). When the electric field is equal to zero (E = 0), we obtain v = 0 and E = −(ω × r) × B. If the magnetic field is orthogonal to ω × r, the spin precession in a magnetometer is given by
In this equation, the inertial and gravitational contributions which can be taken into account as systematical corrections are omitted and the EDM terms are neglected. Thus, the correction to the measured magnetic field caused by Earth's rotation is nonzero while it is negligible in contemporary high-energy physics, since (ω ×r) 2 /c 2 ∼ 10 −12 . In particular, the precision in the past and planned muon g-2 experiments is less than 1 × 10 −7 . The correction disappears in experiments with atoms and nuclei at rest when the magnetometers based on the spin precession are used.
A determination of the electric field is based on a measurement of a force acting on a charge at rest (v = 0). If B = B = 0, the determined electric field does not substantially differ from E [see Eq. (30)]. This equation shows the corrections caused by the Newton-like gravitational force, by the inertial centrifugal and Coriolis forces, and by the non-Maxwellian effects in electrodynamics. The latter effects are described by the last line in Eq. (30) and are given by the term u 0 e(ω × r) E ·(ω × r) (mc 2 ). This term is very small and defines a correction of the order of 10 −12 to the Coulomb force. We can now discuss effects of terrestrial rotation and gravity in the high-energy physics experiments. As an example, let us consider the g-2 and EDM experiments performed in storage rings. In the muon EDM experiment fulfilled in the Brookhaven National Laboratory (BNL) [66] , the Lorentz factor of muons rotating in a uniform magnetic field satisfied the condition
Under this condition, the spin precession angular velocity (68) reduces to
Equation (88) together with the equations of motion (29) and (30) shows that the local corrections to the g-2 frequency are of the order of |ω × r|/c ∼ 10 −6 . Corrections of such an order are not too small and should be taken into consideration.
A contribution of Earth's rotation to dynamics of momentum and spin is defined by nondiagonal components of the metric taken in any fixed point of a lab, r 0 , and by a change of these components inside of the lab. When one considers a particle in an accelerator or a storage ring, we have r = r 0 + r, where r is the radius vector of the particle relative to the chosen point of the lab.
A simple analysis demonstrates that terms proportional to r 0 average to zero because the average value of v is zero. Terms proportional to r may be nonzero after averaging but they are usually negligible. For r ∼ 10 m, we find |ω × r|/c ∼ 10 −12 . Perhaps it is reasonable to take into account the above-mentioned terms in some EDM and other experiments in storage rings. In larger labs and rings like LHC the effects are enhanced accordingly.
In the planned J-PARC muon g-2 experiment [67] , the condition (87) is not satisfied (p = 300 MeV/c). Nevertheless, all corrections for the rotation and gravity of the Earth can be neglected.
The cancellation of gravitational corrections is a nontrivial effect. Nominal order of magnitude of the gravitational corrections is r g /r ∼ 10 −9 . Equations (76)-(78) show that the corrections to the electromagnetic interactions caused by Earth's gravity are of the same order of magnitude. The electromagnetic fields governing the momentum and the spin are, in principle, different. If the difference between them were not canceled in the expression for Ω − O, the gravitational corrections would be of the orders of r g /r and r g /(raγ) for the angular frequency of the spin precession in the Cartesian coordinates and for the g-2 frequency, respectively. The latter quantity would be of the order of 0.01÷0.1 ppm for the BNL muon g-2 experiment and of the order of 0.1 ÷ 1 ppm for the J-PARC one. However, the gravitational corrections are canceled.
A part of muon g-2 experiments is a search for the muon EDM [68] . In principle, the gravitational contribution to the spin precession defined by Eqs. (84) and (85) can imitate the presence of the EDM. However, the corresponding false EDM is very small. In the BNL muon g-2 experiment, it is of the order of 10 −30 e·cm while the upper limit [68] on the muon EDM is |δ
e·cm. Nevertheless, this effect may not be negligible in specially designed EDM experiments performed with the frozen spin method [42] . A calculation shows that the Earth gravity can produce the same effect as deuteron's EDM of δ ′ = 1.5 × 10 −29 e·cm in the planned dEDM experiment with magnetic focusing [43] . The effect of Earth's gravity manifests in the additional spin rotation about the radial axis and can be important, because the expected sensitivity of this experiment [43] is of the same order. The influence of Earth's gravity on the angular velocity of the spin precession in g-2 experiments can be neglected.
The influence of Earth's rotation on spin dynamics can be more important in storage ring EDM experiments than in g-2 ones. The use of the frozen spin method makes slow rotations of the spin about the vertical axis more significant. These rotations are due to the corrections to the constitutive law in the Maxwell-Lorentz electrodynamics.
Terms proportional to r can contribute to the Sagnac effect. This effect may be observable for particles and nuclei in storage rings. While particles and nuclei pass two halves of the orbit during different intervals of time, the main correction proportional to the radius of the Earth vanishes. However, a smaller correction proportional to the radius of the ring is nonzero and can be important in the EDM experiments [69, 70] . Evidently, the abovementioned terms change the contribution of Earth's rotation to the angular velocities of the beam revolution for clockwise and counterclockwise beams. The angular frequencies of the spin rotation and the beam revolution are not conserved when the directions of the magnetic field and the beam velocity are reversed. If the opposite directions of rotation are due to the different charges of particles (say, e + and e − ), this would simulate [25] the CP -violation caused by Earth's rotation.
VIII. CONCLUSION
We analyzed the possible effects of the rotation and gravitational field of the Earth on the particle motion and the spin evolution. This influence is not negligible and should be taken into account in high-energy physics experiments. We studied the manifestations of the inertial and gravitational effects in the framework of the general-relativistic Dirac theory for a fermion particle with spin 1/2. In astrophysical context, a similar analysis was performed for the dynamics of the massive neutrinos in a non-inertial frame of a rotating background matter [71, 72] and in anisotropic universes [73, 74] .
We have derived for the first time the relativistic FoldyWouthuysen Hamiltonian for the Dirac particle with the AMM and EDM in the rotating frame and have determined the electromagnetic fields governing the dynamics of the momentum and the spin of the particle. The results obtained have been used for the analysis of systematic corrections due to the terrestrial rotation and gravity in the g-2 and EDM experiments. In particular, for the first time we have obtained the equations for the spin precession when the inertial, gravitational and electromagnetic fields are present simultaneously. All the results have been obtained by both classical and quantum mechanical methods and their complete agreement has been found.
Earth's rotation gives rise to the Coriolis and the centrifugal forces in the lab frame and also manifests itself in the additional rotation of the spin and in the change of the constitutive tensor of Maxwell's electrodynamics. The corrections to the motion of the particle and the spin due to Earth's rotation are rather small. Bigger corrections are oscillatory and their contributions average to zero. Other corrections due to the inhomogeneity of the inertial field are not oscillatory but they are very small and their consideration may be reasonable only for the storage ring EDM experiments.
Earth's gravity manifests in the additional force acting on the particle momentum, in the additional torque acting on the spin, and in the change of the constitutive tensor of Maxwell's electrodynamics. However, so far there are no observable indications of electromagnetic effects caused by Earth's gravity. The additional forces are the Newton-like force and the reaction force provided by a focusing system. The additional torques are caused by the focusing field and by the geodetic effect. In the storage ring EDM experiments, these forces and torques lead to the additional spin rotation about the radial axis. 
